









Mixed Variational Inequalities 
JONG YEOUL PARK 
Department of Mathematics 
Pusan National University 
Pusan 609-735, South Korea 
JAE UG JEONG 
Department of Mathematics 
Dong Eui University 
Pusan 614-714, South Korea 
(Received August 2001; revised and accepted Februaq 2003) 
Abstract-In this paper, by using the concept of the resolvent operator, we study the behavior 
and sensitivity analysis of the solution set for a class of parametric generalized mixed variational 
inequalities with set-valued mappings. @ 2004 Elsevier Ltd. All rights reserved. 
Keywords-Generalized variational inequalities, Fixed points, Resolvent operator, Sensitivity 
analysis, Hilbert spaces. 
1. INTRODUCTION 
Sensitivity analysis of solutions of variational inequalities with single-valued mappings have been 
studied by many authors via quite different techniques. By using the projection method, Dafer- 
mos [l], Yen [2], Mukherjee and Verma [3], N oor [4], and Pan [5] studied the sensitivity analysis 
of solutions of some variational inequalities with single-valued mappings in finite-dimensional 
spaces and Hilbert spaces. 
In 1999, Ding and Luo [6] studied the behavior and sensitivity analysis of the solution set for 
a class of parametric generalized quasivariational inequalities with set-valued mappings by using 
the projection method of Dafermos [l] in a Hilbert space. The applicability of the projection 
method is limited due to the fact that it is not easy to find the projection except in very special 
cases. The projection method cannot be used to study the behavior and sensitivity analysis of the 
solution set for variational inequalities of type (2.1) due to the presence of the nonlinear term 4. 
This fact motivated us to develop another technique, which involves the use of the resolvent: 
operator associated with the maximal monotone operator. 
In this paper, by using the concept of the resolvent operator, we study the behavior and 
sensitivity analysis of the solution set for a class of parametric generalized variational inequalities 
with set-valued mappings. 
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2. PRELIMINARIES 
Let H be a real Hilbert space with norm and inner product denoted by 11 11 and (., .), respec- 
tively. We denote by 2H the family of all nonempty bounded subsets of H and by C(H) the 
family of all nonempty compact subsets of H, respectively. Let 6 : 2* -+ [0, co) be a function 
defined by 
6(A, B) = sup{ Ila - bj/ : a E A, b E B}. 
Let fi : C(H) --f [0, co) be a function defined by 
where d(z, B) = infvEB lllc - yI/. Then (2H, S) and (C(H), B) are complete metric spaces. 
We consider now the parametric generalized mixed variational inequality problem. To this 
end, let M be a nonempty open subset of H in which the parameter X takes values. Let T, A : 
HxM+2 H be two set-valued mappings and let g : H x M --f H be a single-valued mapping. 
Let &#I(.) denote the subdifferential of a convex, proper, and lower semicontinuous function 
~:H--+RU{+co}withIm(g)nd om&j # 0. For each fixed X E M, the parametric generalized 
mixed variational inequality problem (PGMVIP) consists of finding z E H, u(z,X) E T(z,X), 
and ~(2, A) E A(z, A) such that 
(4X> A) - 4x, A), Y - 9(x, 4) 2 4J(d& 4) - 4(Y), V~EH. (2.1) 
EXAMPLE 2.1. Let M be a nonempty open subset of H. Let T, A : H x M + 2H be two 
set-valued mappings and let g : H x M + H be a single-valued mapping. Let c@(.) denote 
the subdifferential of a convex, proper, and lower semicontinuous function C$ : H + R U {+co} 
with Im(g) n domd4 # 4. F or each fixed X E M, the parametric generalized mixed variational 
inequality problem consists of the following form. 
Find IC E H, ~(5, A) = U(Z + CYX) E T(z, A), and V(Z, A) = v(x + CYX) E A(z, A) such that 
(u(x + aA) - w(x + cd), y - S(” + cd)) L 4(57(x + aJ+)) - 4(Y), V~EH, CXER. 
We now discuss some special cases. 
CASE I. If T and A are single-valued mappings, then PGMVIP (2.1) reduces to the problem of 
finding x E H such that 
(T(xi A) - 4x, 4, Y - dx, 4) 2 G(x, A)) - 4(y), Vy E H. (2.2) 
CASE II. Let K : H x M --t 2H be a set-value d mapping with nonempty closed convex values and 
for each fixed X E M, 4(.) = 1~(.,x)(.) is the indicator function of K(., A). Then PGMVIP (2.1) 
reduces to the problem of finding 5 E H, u(x,X) E T(x,X), and v(x,X) E A(s,X) such that 
g(x, A) E K(z, A) and 
(4x, A) - 4x:, A), Y - 9(x, A)) 2 0, VY E K(x, A). (2.3) 
Problem (2.3) is known as the parametric generalized quasivariational inequality problem and 
has been studied by Ding and Luo [6]. 
DEFINITION 2.1. (See [7,8].) If A is a maximal monotone operator on H, then for a constant 
p > 0, the resolved operator associated with A is defined by 
JA(x) = (I+ ~4-%4, ‘v’xEH, 
where I is the identity operator. 
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It is also known that the operator A is maximal monotone if and only if the resolvent opera- 
tor JA is defined everywhere on the whole space. Furthermore, the resolvent operator JA is single 
valued and nonexpansive, that is, for all 5, y E N, 
llJA(x) - JA(Y)Ii i /I5 - YiI. (2.4) 
REMARK 2.1. It is well known that the subdifferential a$(.) of a convex, proper, and lower 
semicontinuous function q5 : H -+ R U {+co} is a maximal monotone operator. So we denote by 
the resolvent operator associated with 84. 
DEFINITION 2.2. A single-valued mapping g : H x M + H is called: 
(i) q-strongly monotone iff there exists a constant q > 0 such that 
Mx, A) - dY> A)> x - Y) 2 rlllx - Yl12, V(x,y,X) E H x H x M; 
(ii) a-Lipschitz continuous iff there exists a constant 0 > 0 such that 
IId? A) - dY, AIll 5 e - yll, V(x,y,X) E H x H x M. 
DEFINITION 2.3. 
(i) A set-valued mapping T : H x M --) 2 H is said to be cr-strongly monotone iff there exists 
a constant ai > 0 such that 
(u - 21, x - Y) 2 412 - yll, 
‘d(z,y,X)~HxHxM, ILET( VET(~,X). 
(ii) A set-valued mapping T : H x M -+ 2H /T : H x M -+ C(H)] is said to be ,B-&Lipschitz 
[&I?-Lipschitz] continuous if there exists a constant p > 0 such that 
W(x, X),T(y,X)) I Pllz - YII, ‘d(x,y,X)~HxHxM, 
1 fi(T(xJ),T(y,X)) iPllx-yll, ~J~,Y,~ EHx HxM 1 
3. EXISTENCE OF THE SOLUTION SET OF PGMVIP 
First of all, we prove the following technical lemma. 
LEMMA 3.1. Fixed x E M, P = z(X) E H, ~(x(X),i) E T(x(X),X), v(x(x), i) E A(rc(X),i) is a 
solution of PGMVIP if and only if for some given p > 0, the set-valued mapping F : H x M ---f 2H 
defined by 
Fh 4 = u u Lx - dxc, A) + JacMxc, A) - P(U - u))l (3.1) 
&T(z,X) UEA(Z,X) 
has a fixed point x(x). 
PROOF. For any fixed 1 E M, let ?E = x(x), u(z,X) E T(?,X), u(?E,~) E A(z,X) be a solution of 
PGMVIP. Then 5 E H, ~(5, x) E T(z, x), and ~(3, x) E A(z, 1) such that 
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By definition of &#I, we have 
g (3, X) - p (u (5, X) - w (3,X)) E g (3, r;) + pa4 (g (2, r;)) . 
Thus, we obtain 
i.e., 
(I + paqq-l [g (3, X) - p (u (% X) - w (5% X))] = g (3, X) , 
J&j [g (E, X) - p (?A (2, X) - w (3, r;))] = g (33, X) . 
Hence, we have 
z = 3 - g (3, X) + J&$ [g (3, X) - p (IL (5, X) - w (3, r;))] 
E u u [z - 9 (3, A) + Ja+ (9 (5, J) - P (u (3, X) - 21 (37 X)))] 
u(r,+T(~,i) v(z,+A(z,i) 
= F(z,X). 
This means that ?= X(X) is a fixed point of F(zE, x). 
Now, for any fixed 1 E M, let 3 = X(X) be a fixed point of F(%, x). By the definition of F, 
there exists ~(3, x) E T(E, x) and ~(3, i) E A(%, x) such that 
i.e., 
CT = r~ - g (5, X) + Ja+ [g (3, X) - p (U (2, i) - u (z:, I))] , 
g (3, X) = Ja4 [g (3, X) - p (U (z, X) - w (3, I))] . 
By definition of Ja+, we get 
9 (3, X) - P (u (%X) - ‘u (3, q> E 9 (%X) + PW (9 (2, A>> > 
i.e., 
Hence, by definition of &j, 
2, (3, X) - u(3, X) E &fJ (g (3, X)) . 
This completes the proof. 
THEOREM 3.1. Let T : H x M --+ 2H be a-strong y 1 monotone and P-b-Lipschitz continuous, and 
let A : H x M + 2H be y-&Lip schitz continuous. Suppose that g : H x M --f H is v-strongly 
monotone and a-Lipschitz continuous. If there exists a constant p > 0 such that 
Ip - [a + Y(k - l)]] < J(a + Y(k - 1)12 - (P” - Y2) k(2 - k) 
P2 - Y2 P2 - Y2 
, 
a > $1 - k) + J(P” - 72) k(2 - k), 
k=2JC5XG5<1, 
then the set-valued mapping F : H x M + 2H defined by (3.1) is a uniform &&set-valued 
contraction mapping with respect to X E M, where 0 = k+t(p)+~, < 1, t(p) = Jl - 2ap + p2p2. 
PROOF. By the definition of F, for any z, y E H, a(~, A) E F(z, A) and b(y, A) E F(y, A), there 
exist u~(z, A) E T(z, A), wl(z, X) E A(z, A), uz(y, A) E T(y, A), and vz(y, A) E A(y, A) such that 
4x, A) = 22 - s(z, A) + Ja+Id~c, A) - P(~I(“, A) - VI(~, X1)1, 
b(y, A) = Y - gb, A) + Ja+bb,X) - P(u~(Y, A) - VZ(Y, X1)1. 
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Then by (2.4), we have 
I: 2IIx - Y - MT 4 - dYi X))ll 
+ llz - Y - P(W(? A) - ‘L12(Y, 4)ll 
+ P~(A(T A), A(Y, A)). 
Since g is v-strongly monotone and c-Lipschitz continuous, we obtain 
lb - Y - (d? A) - dY> 4112 I (1 + 2 - 27) 112 - Yl12. 
Furthermore, since T is a-strongly monotone and P-&Lipschitz, we have 
113: - Y - P(~l(“1 A) - U2(YI w L: (1 + P2P2 - 2P) 115 - Yl12. 





Ila(z, A) - b(y, A)ll I [21/v + d1 - 2~3 + p2P2 + m] 11~ - ~11.
By the arbitrariness of a(z, A), and b(y, X), we have 
where 0 = 2dm + d/1 - 2pcr + p2p2 + py. By condition (3.2), we have 0 < 1. This 
proves that F is a uniform &S-set-valued contraction mapping with respect to X E M. 
THEOREM 3.2. Let T : H x M + C(H) be a-strongly monotone and /I-fi-Lipschitz continuous, 
let A : H x M --f C(H) be y-fi-Lipschitz continuous, and let g : H x M + H be q-strongly mono- 
tone and a-Lipschitz continuous. Suppose there exists a constant p > 0 such that condition (3.2) 
in Theorem 3.1 holds. Then, 
(i) the set-valued mapping F : H x M + 2H defined by (3.1) in Lemma 3.1 is a compact- 
valued uniform 9-i?-contraction mapping with respect to X E M; 
(ii) for each X E M, the PGMVIP (2.1) has nonempty solution set S(X) and S(X) is closed 
in H. 
PROOF. 
(i) For each given (z, A) E H x M, since T(z, A), A(s, A) E C(H) and since Ja4 is continuous, 
it follows from the definition of F(z, A) that F(z, X) E C(H). 
Now, we show that F(z, X) is a uniform 8-I?-contraction mapping with respect to X E M. 
For any given (x, A), (y, A) E H x M, and for any a E F(z, A), there exist u E T(x, X) E 
C(H) and v E A(z,X) E C(H) such that 
a = 5 - !I(? A) + J&$[& A) - PC” - v)l. 
Note that T(y, A), A(y, A) E C(H), there exist ~1 E T(y, A) and v1 E A(y, A) such that 
lb - ~111 I HCb, 4, T(Y, A)), 
11~ - ~‘111 I H(A(x, 4, A(y, A)). 
(3.6) 
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Let 
b = Y - dy, 4 + Jaddy, 4 - P(W - d1 
Then b E F(y,X). Note inequalities (3.6); by using a similar argument as in the proof of 
Theorem 3.1, we can obtain 
This proves that F(x, A) is a uniform &R-contraction mapping with respect to X E M. 
(ii) Since F(x, A) is a uniform O-H-contraction mapping with respect to X E M, by the Nadler 
fixed-point theorem [9], F(x,X) h as a fixed point x(X) for each X E M. By Lemma 3.1, 
S(X) # 0. For each fixed X E M, let {xn} c S(X), and let x, -+ x0 as n -+ 00. Then we 
have 
xn E F(xn, A), n-1,2,.... 
By (i), we have 
It follows that 
fi(F(xn, A), F(xo, A)) L ‘41~ - x011. 
d(xo, F(xo, A)) I 11x0 - x,11+ d(xn, F(xn, A)) + fi(F(xn, A), F(xo, A)) 
L (1+ e)llxn -x0/1 + 0, n+co, 
and hence, xc E F(xo, A) and xc E S(X). Therefore, S(X) is closed in H. 
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